Theta Functions
FAMAT State Convention 2001

For all questions, answer E. “NOTA” means none of the above answers is correct.

1. Let f(z) = 22? +1 and g(z) = y/%5*. Find (fogogo f)(2001). (Note that o denotes

function composition).

A. 10v/10 B. 2000 C.2001 D. 8008003 E.NOTA

2. Let h(z) = 2® + z. Find h~1(10). (Note that ~! denotes function inverse).
A.1010 B.2 C. 55 D.—1010 E.NOTA

1010

3. A function f(z) is called an involution if f(x) = f~'(z). How many of the following
functions are involutions?

L flz)=a IL f(z) =2 IIL f(z)=vx IV.flx)=2 V.f(z)=2—-x
A1 B.2 C.3 D.4 E.NOTA

4. Let h(x) be an even function with h(xy) = h(z)h(y). What is h(—1)7
A.1 B. -1 C.0 D. Need more information E. NOTA

1 so that f(z) is real-valued?

5. What are the domain restrictions on f(r) = /%=

A -1l<z<l B ax<-lorz>1
C.—-1<z<1 D.z<—-lorxz>1 E.NOTA

6. A function g(z) is called idempotent if (g o g)(xz) = g(x) for all z in its domain. Which
of the following functions is not idempotent? (Note |z] denotes the floor function of x and
ged(x,y) denotes the greatest common divisor)

A. f(x)=—x B.g(z)=|z] C.h(zx)=|z|] D.y(x)=ged(z,24) E.NOTA
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7. Let h(z) = log(z? 4+ 2z + 2). Which of the following is a root of h(z)?

A1 B.32 C.2 D.2 E NOTA

8. Let r(z) be a polynomial of order 4. If r(z) > 0 for all z, r(1) = r(—1) =0, and r(0) = 1,
then find r(2).

A0 B.1 C.3 D.9 E.NOTA

9. Define q(z) = (logz)(z* — 4). What is the sum of the roots of ¢(z)?
A.0 B.1 C.3 D.5 E.NOTA

10. Let the point (¢, f(c)) be an intersection point of f(x) and its inverse, f~!(z). Find @

A.—-1 B.0 C.1 D. Cannot be determined E. NOTA

11. Let a real-valued function f(x) be defined over the integers. Suppose f(z+vy) = f(z)f(y)
for all integers = and y. If f(4) = 4 then what is f(11)?

A.11 B.16 C.32 D.32v2 E.NOTA

12. Which of the following functions are even?
[z IL ?12 IIL log |z| IV. 10"
A.Tand IV B.ITonly C.II and IIT D.IV only E. NOTA

13. Define f(z) = 2% and g(z) = —2* and h(z) = (f o g+ go f)(x). Which of the following
are true?

. h(z) is an odd function II. h(x) is an even function

A.Tonly B.ITonly C.bothIandII D.neither I nor II E. NOTA
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14. Given v(z) = (x — 2)*(z + 2)*(x — 1)(z + 1), find the range of v(x), with z real.
Alv(z)>0 B.v(x) <0 C.—-16<wv(z) <0 D.wv(x)>-16 E.NOTA

15. Consider two concentric circles — one with radius z and the other with radius = + 2.

Define f(z) as the area of the annulus between the two circles and g(z) as the sum of the
I@)

circumferences of the two circles. For x > 0, find CE

A.1 B.2 C.w7 D. Cannot be determined E. NOTA

16. A function is said to be multiplicative if for all  and y in its domain with ged(z,y) = 1,
f(zy) = f(x)f(y). Which of the following functions is not multiplicative?

(x) = z, the identity function.

(x), Euler’s totient function, equal to the number of positive integer divisors of x.
. o(z), the sum of all the positive integer divisors of x.
(x), the number of distinct prime factors of x.

OTA

HOQwE
3=

Z €

17. Find the vertical asymptotes of y = (g o f)(x) when f(x) = i—i; and g(z) = m(ml_Q).

Alx=0,2=2 Br=-1z=1
C.x=0,xr=-2 D.z=-1,x=-3 E.NOTA

18. Define h(n) = I17_,27. Find log,(h(8)).

A.6 B.36 C.55 D.72 E.NOTA

19. Let y = f(x) and y = g(x) be the asymptotes of the hyperbola z? — 4y?> = 4. Find
(f +9)(1).

A.-1 B.1 C.2 D.4 E.NOTA
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20. Suppose p(z) is a fifth degree real-valued polynomial. If 1 + ¢ and 2 — 7 are roots, how
many real roots does p(x) have?

A0 B.1 C.2 D.3 E.NOTA

21. Let f(x) be a linear function with a positive slope and f(z) = 4f~!(z) — 5. What is
f(2)?

A.—6 B.—1 C.I D.2 E.NOTA

For 22 and 23, use the following information: f(z) and g(z) are real-valued functions that

satisfy
flx—y)=f(2)f(y) +g(x)g(y)  f(O)=1
g(x —y) =g(x)f(y) — f(x)g(y)  ¢(0) =0

22. What is (f(2))% + (g(2))*?
A. -1 B.0 C.1 D. Cannot be determined E. NOTA

23. Which of the following are true?

I. f(x)iseven 1L f(z) is odd
III. g(x) is even IV. g(x) is odd

A.Tand IV B.ITonly C.II and IIT D.IV only E.NOTA

24. Suppose h(x), which is not everywhere zero, has a well-defined inverse function A~ (x)
that satisfies (h™! o h)(x) = z for all z in the domain of h. Which of the following must
always be false?

A. h(z) is even B. h(z) is odd
C. h(z) is one-to-one D. h(0) =1 E. NOTA

25. Suppose f(z) and g(x) are invertible functions with f(3) = 2, f(1) =5, g(1) = 5, and
g(3)=1. Find (fogto f~tog)(1).

A5 B.3 C.2 D.1 E.NOTA
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26. Define f(x) = o +2 and g(z) = 2% If (f o go h)(x) = Va2 + 2z + 3, then which of

the following are possible definitions of h(z)?

Az+1 B.x—1 C.z D.1 E.NOTA

27. For z > 0 and x # 1, if log (z + ¢ (x)) = log(z) + log (g (x)), find g(x).
Az Bzl Cl D £ E NOTA
28. Let f(x) = a°® — 3x* + 423 — 42® — 5z + 1. How many negative roots does f(z) have?

A.0 B.1 C.2 D.3 E.NOTA

29. If y(t) = 2log(t) and x(t) = 3log(t), what is y as a function of x7

A.y:xg B.y:%af; C.y =223 D.yz%x E. NOTA

30. The Mo6bius function is defined over integers as follows:

—1 if  is the product of an odd number of distinct primes
p(x) =< 1 if z is the product of an even number of distinct primes
0  if x contains any multiple prime factors

Determine 1(26).
A.—-1 B.0 C.1 D.26 E.NOTA



