Linear Algebra
FAMAT State Convention 2001

For all questions, answer E. “NOTA’’ means none of the above answers is correct.
For all questions A; or A, ; denotes the element in the i" row and j™ column of A.

1) Ifc=7i-6j+2kandd=4i+3]- 6k, findc>d

A) -2 B) 3 C) 28 D) 58 E) NOTA

2)  If the shortest distance between the line 3x +4 y =10 and the point (a,6) is 7, find a.

A)5 B) 6 C)7 D) 8 E) NOTA

3)  Which of the following lines contains the point (- 7,-4,0) and lies in the direction (4,1,11)?

A) [(t)=(-7t+4)i +(-4t +1)j +11k B) I(t)=(4t- 7)i +(t- 4)j+(11t)k
C) I(t)=(4t- 7)i +(t- 4)j +11k D) I(t)=(4t+7)i +(t +4) ) +(11)k
E) NOTA
& 9 -1y
4) Find [c] the greatest integer less than or equal to ¢, if the matrix 83 -2 6 ( is singular.
B ¢ -5§
A) 10 B) 11 C) 12 D) 13 E) NOTA
& 4 0 -20
5) Therankofthematrix & 1 -1 0U0is
gl 2 -1 -1§
A1l B) 2 C)3 D) 4 E) NOTA

6) What is the sum of the entries in each row, column, and diagonal of a simple 10x10 magic square (one
in which every integer in [1,10°] appears exactly once)?

A) 500 B) 505 C) 510 D) 515 E) NOTA
€ U
7) Let A=€ U. Which of the following are eigenvectors of A" ?:
0 7
élu élu élu élu é0u élu éu élu
A auée.a Beaeua ©eweu D euwne.q E)NOTA
el U oial T alll afead
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8) How many of the following statements are true?
- - 17 éo 1l:l
There exists a real matrix A such that A™ =g od
€ u
- If Alis a matrix and is factored to LU, where L and U are A3 upper-triangular and lower-
triangular factors, respectively, det(A) =det(LU)

- If Alisan nxn matrix and | is the nxn identity matrix, A and A+1 have the same
eigenvectors.

- If a matrix A is diagonalizable, its eigenvalues are distinct.

A)0 B) 1 C) 2 D) 3 E) NOTA

9) Which of the following matrices is not a rotation?

RV
@y f/e

A) 1, the identity matrix

€0 lu }/\/_ }/\/_u
C)g1 o E) NOTA
! @ yf yﬂa
él 0 1u
. e a8 G
10) Find A |fA—é 0 1u
&2 1 0g
él -1 Ou él -1 0y él 1 0y é&1 -1 0y
é a é a é a é a
Ag2 2 15 B g2 2 1 C) g2 2 1 D) &2 2 1 E) NOTA
g0 -1 Of g0 1 0§ 80 1 0f g0 1 Of

11) Let g be the angle between p=(3,4,5) and q=(0,-7,1). If |cos(2q)| is expressed as % where

ged(P, Q) =1, find /Q-P.

A) 22 B) 23 C) 24 D) 25 E) NOTA

12) If Aiisany nxn matrix, | is an unknown scalar value, | is the identity matrix, and q(l ) =det(A-11),
then q(l ) isthe ___ of A.

A) Eigen polynomial B) Cayley-Hamilton polynomial
C) Determinant polynomial D) Characteristic polynomial E) NOTA
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gl 2 -1 0y av 3 2 1lu
© 1 -1 oY % x 2 1Y _
13) If A=¢€ UandB=¢€ U and det( AB) =63, find det(B).
€0 -1 0 1g e’ -1 y -1
& 4 5 1g % 0 1 zg
A) -9 B) -7 C)9 D) Not enough information E) NOTA

what is the dimension of the left-nullspace of A?

A)0 B) 1 C)2 D) 3 E) NOTA

15) Find the hundredth 3 digit of the area of the triangle defined by the following points:
(12,3), (478), and (3,2,6).

A) 2 B) 4 C)6 D) 8 E) NOTA

16) Suppose T is an nxn matrix with eigenvalues 1,2, 3,...,n for odd n.

r-1
2

If é (Ti,i +Tn+1—i,n+1—i ) :n?’ flnd Tn+1Lﬂ'

i=1 22

n+1

At B) 1 c) 112 D) n+1 E) NOTA
2 2 2
¢ 00 el
17) Find a least-squares solution X to Ax =b, where Azgl 23 and b = 313
e 1g Y
¢l €2/0 elgu .
Aé 0 B)&3q c) &°u D) No least-squares solution E) NOTA
& /30 80 g el

€ 1l
18) Find the sum of the elements in ¢* if K = _SO 0”'

A1 B) 3 C)5 D) e+3 E) NOTA
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19) Let q(x, y) =13x* +24xy +13y*. If q(x, y) =[x y]AéyQ, find A, +A,,.
eyu

A) 13 B) 24 C) 26 D) 48 E) NOTA

. & 1
For questions 20-21, let M = a E
& 1

20) Which of the following matrices is similar to M?

0 1P A9 é3 - 1/u 4 0y
Ihs ) & i 0 gé %9 D)é ., E) NOTA
I R A B

21) Find N,,- N, if N = MY,

A) -1 B) 0 C)1 D) 2°-1 E) NOTA

22) Find the projection of v =(3,-2,5) onto u =(3,6,2).

1- 7~ 1- 7

A) =u B) —u C) Zv D) —v E) NOTA
9 37 7 39
@ 1 3 4 34
13 2 1Y _ . .
23) If z=¢ u-z. is the row echelon form of Z with all pivots=1, and Z,, is the row-
el 0 1 3 40
é

& 1 4 5 54
reduced echelon form of Z, find the number of nonzero elementsin Z - Z ..

A) 1 B) 2 C)3 D) 4 E) NOTA
&0 ¢f (0)a
) Sl () -2 O i i
4) Suppose V_@z@andT(V)_(:%f(Z)@’ where f(X)=¢, +0,X +C,X° +C,X°.
éu N
&;0 ef(3)d

<l

If A is the 4x4 matrix such that T ( ) = Av, find the trace of A.

A1 B) 4 C) 33 D) 40 E) NOTA
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25) Which of the following statements is/are true?

I) If Ais asquare matrix whose nullspace consists only of the zero vector, A is invertible.
él 2( .
I If A= é3 4(,, as n becomes large, A" approaches the zero matrix.

3
I11) Every real orthogonal matrix is also unitary

A) 11 only B) I and Il only C) Il and 11 only D) I, 1l,and Ill are all true E) NOTA

é 3 4+ 3|u H
26) Let D = _gl Ll and D™ be its Hermitian (conjugate transpose) matrix.

If the product of the elements in D" is expressed as a +bi, find b- a.

A) —268 B) -6 C)6 D) 268 E) NOTA

27) Let A and B be 2x 2 matrices, and | be the identity matrix. If B*A"* =1 for odd i and

. )
B'A =2l foreveni, find Iogzé% (AB)'S

i=0 4

A) 1000 B) 1001 C) 2000 D) 2001 E) NOTA

28) Which of the following forms an orthonormal basis spanning the same subspace of R® as the basis:

{(L2.2),(L31)}?

%lT(lol) j_(1o 1)%;} B) {(,0,0),(0,1,0)}
b

c) i%(1,2,2),%ﬁ(0,1,-1)u f‘*i 116 pl LW 5 NoTa

°83'3'35 SJ_J_ f%

29) 3 out of every 4 trucks on I-75 follow a car, and 1 out of every 5 cars on I-75 follows a truck. If all
vehicles on 1-75 are either cars or trucks, what is the proportion of trucks on 1-75?

A) Vg B) 11 c) % D) 14 E) NOTA

30) Letthe i, j, and k axes be oriented on the page horizontally, vertically, and through the page,
respectively, with the positive axes pointing to the right, upward, and out of the page, respectively. If
v, =(9,4,0) and v, =(7,3,0), describe v, v,.

A) 1 unit out of the page B) 1 unit into the page
C) 75 units upward to the right D) 75 units downward to the left E) NOTA



