February 2005 - Palm Harbor Invitational

Geometry Team Solutions


Question 1

There is a theorem that states that the sum of the squares of the reciprocals of the legs of a right triangle is equal to the square of the reciprocal of the length of the median to the hypotenuse.  Thus, 
[image: image53.png]


.

Question 2
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The total grazing area is three-fourth the area of the largest circle, plus the area of each of the smaller quarter-circles.  
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Question 3
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From this figure, we can see that the length of the external tangent is equal to 
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Question 4
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From the diagram, we see that 
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Question 5
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Question 6


Let x be the number of pentagons, and let y be the number of hexagons.  Since the 60 vertices are each connected to 3 other vertices, we have 
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.  Each vertex is also an endpoint for 3 edges, so there are 
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 edges (we double count from each endpoint).  The number of faces is equal to the number of pentagons plus the number of hexagons.  Using Euler’s rule, 
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.  We know 
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.  Solving these two systems of equations, we have 
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Question 7


Using the right triangle formed by the slant height, the altitude, and half of the base, we find the altitude is equal to 
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.  This is also equal to the volume of the cylinder shaped amount of water that was displaced, which is 
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Question 8


We see that 
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, and so triangle ABC is 30-60-90 right triangle, with a 60 degree angle at point A.

Question 9

A) Triangle ACD is an isosceles triangle, and so angles ACD and ADC are equal, and the measure of each is equal to 
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B) In triangle ACO, angle ACO is a right angle, and so the measure of angle COA is equal to 
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.  The measure of angle CED is equal to one-half this central angle, which is 80.

C) Since the measure of angel ACO is 90, and the measure of angle ACD is 80, the measure of angle OCD is 
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D) Since the measure of arc CBD is 160, the measure of arc CED is 
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, and so the measure of angle CBD is one-half of this, which is 100.
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Question 10


The length of each side of the square and the length of each side of the equilateral triangle are equal.  Therefore, triangle EDA is isosceles, and the measure of angle EDA is equal to 
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.  Thus, the measure of angle DEA is equal to 
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Question 11


The smallest possible integer length is 13 (
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), the largest possible length is 43 (
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), because of the Triangle Inequality Theorem.  The sum of the integers from 13 to 43 is equal to the the sum of the positive integers up to 43 minus the sum of the positive integers up to 12.  This is equal to 
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Question 12
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The radius is equal to one-third the distance from one base to the opposite vertex, because the center of the circle is the centroid of the equilateral triangle.  Thus, the height of the triangle is equal to 
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.  Each side of the equilateral triangle is thus equal to 
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.  The area of the equilateral triangle then is 
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.  The area of the circle is 
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Questions 13


Consider the rectangle formed, with segment d as one diagonal.  The other diagonal is the radius of the circle.  Since the diagonals of a rectangle are equal, the length of d is equal to the radius of the circle, which is 5.

Question 14

A) Find the points of intersection of the lines by setting the y values to 0 and 2 for each of the lines, (0,0), (0,2), (3,2), and (1,2).  The height of the parallelogram is 2, the base is 2.  Thus the area is 4.

B) Plug in the x values.  The points of intersection are (-1,5), (-1,1), (1,2), and (1,3).  The height of the trapezoid (since it’s on it’s side) is 2.  The lengths of the two bases are 1 and 4.  Thus the area is 
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C) It should be obvious upon sketching the graph of this square that one diagonal extends from (0,-1) to (0,1).  Thus, the area of the square (or any quadrilateral whose diagonals are perpendicular) is one-half the product of the lengths of the diagonals, which are equal.  Thus the area is 
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D) Sketching the graph, we see that the diagonals extend from (-1,0) to (1,0), and from (0,-2) to (0,1).  Also the diagonals are perpendicular.  Thus the area is equal to 
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Question 15


There are 200 30-second periods in 100 minutes.  That’s 400 bricks thrown in.  Each brick has a volume of 
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