February 2005 - Palm Harbor Invitational

Geometry Individual Solutions

1. B

Applying the Angle Bisector Theorem, we have 
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2. D
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, so by the Triangle Inequality Theorem, this could not be the length of the third side. All the other answers comply with the Triangle Inequality Theorem.

3. C

Choice A would imply B, and vice versa, but neither can be directly concluded from the given information.  Only choice C must be true.

4. D

Using the Exterior Angle Theorem, we have 
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, and 
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.  Substitute 20 for x, rearrange, and solve for y.  
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5. C

Only the expressly stated conditions can be used, so since neither of the two given statements said anything about things that are not green, we cannot conclude anything about those things.  For example, a red ladybug could live on Gazzle I; the given conditions do not rule that out.  Therefore, only statement II is true, and the answer is C.

6. D
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, since both are radii of circle O.  Applying the Pythagorean theorem.  
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7. B

The triangle formed by the altitude of the cone, the slant height, and the radius at the base is a 30-60-90 right triangle.  So, if the height is 10, then the base is 
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8. B

Since the radius is 
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 times as big, and the volume remained constant, the height must be 
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 what it was (this is because the volume is directly proportional to the square of the radius, so if the radius increases by that factor, the height must decrease by the square of that factor to maintain constant volume).  
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9. A

One-half times the product of the length of any side and the altitude to that side is always equal to the area of the triangle.  Thus the ratio of the longest altitude to the shortest altitude is equal to the ratio of the longest side to the shortest side, or 
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10. E

The intersection of the angle bisectors of a triangle is known as the incenter, because that point is the center of the inscribed circle of that triangle.

11. D

Since the measure of an arc subtended by an inscribed angle in a circle is twice the measure of the inscribed angle, we have 
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12. C

Applying the Pythagorean Theorem twice, we have 
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13. D

Using the theorem about intersecting secant segments, we have 
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14. C

The triangle formed by the ladder, the tree, and the ground is a right triangle with the ladder as the hypotenuse.  Using the Pythagorean Theorem, the distance from the tree the ladder is placed is 
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15. B

The measure of arc ANR is 360 degrees minus the measure of arc AR whose central angle is 100, which is equal to 260. 

16. B
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Since segments OX and PW are tangents to the circles, angles W and X are right angles.  Let E be the midpoint of segment BD and let F be the midpoint of AC.  Segment PO is the perpendicular bisector of both BD and AC.  Then triangle EOD is similar to triangle XOP (share one angle, both have a right angle), and similarly (no pun intended) triangle FPA is similar to triangle WPO.  Let 
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17. E

Choices A and B would result in a Side-Side-Angle relationship, which does NOT imply congruence.  Choice C places the right angles and the corresponding hypotenuses and legs in the wrong relationships, and so does not imply congruence either.  Thus, none of the given choices implies congruence.

18. D

The diagonal of the square is equal to the diameter of the circle, or twice the radius, 
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 the length of the altitude of the equilateral triangle; this is because the center of the circle is also the centroid of the equilateral triangle, and also the centroid of any triangle is 
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 of the way from the vertex to the midpoint of the opposite side.  Thus, the altitude of the equilateral triangle is 
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 (use the 30-60-90 right triangle formed by the altitude, a side, and half of the base).  The formula for the area of an equilateral triangle is 
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[image: image48.wmf]22

(2)4

rr

=

.  Thus, the ratio of the area of the square to the area of the equilateral triangle is 
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19. C

From the given information, we know that D is the center of the circle, and so AR is a diameter.  Therefore, ∆ACR is inscribed in the semicircle, and 
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 must be a right angle.

20. C

Euler’s formula says that for any convex polyhedron, 
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, where V is the number of vertices, E is the number of edges, and F is the number of faces.  Using the given information, 
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21. D

The area swept out by the planet is equal to the area of a circle of radius 
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 miles minus the area of a circle with radius 
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 miles (the width of this annulus is equal to the diameter of the planet).  Thus, this area equals 
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22. C

Only choice C would produce a logical and useful result.  The intersection of these two arcs is a point which is 7 units from one endpoint and 8 units from the other, thus forming the desired triangle.

23. C

Draw the two radii from the center of the circle to the endpoints of the side of the trapezoid with length 8.  This is an isosceles triangle, and so the median from the center of the circle to the midpoint of the segment with length 8 is also an altitude.  Thus, using the Pythagorean theorem, the height is equal to 
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24. A
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 since both are radii.  The Pythagorean theorem gives us 
[image: image62.wmf]22

25757624

OC

=-==

.  Thus, 
[image: image63.wmf]25241

BC

=-=

, and 
[image: image64.wmf]22

715052

AB

=+==

.

25. C

Choices A, B, and D are either theorems or direct results of theorems.  Choice C is false because lines A, B, and C could be noncoplanar.

26. C

Let s be the length of each side of the equilateral triangle, and let 
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27. A

1) 
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, which is irrational (and transcendental).

2) The area of any quadrilateral whose diagonals are perpendicular is equal to one-half the product of the lengths of the diagonals.  The diagonals of a square are perpendicular and congruent, so the area of the square is equal to 
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3) The altitude to the hypotenuse of this isosceles right triangle is also the median to that side.  Thus the length of the hypotenuse is 
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4) Since the triangles are similar and the ratio of the lengths of the corresponding sides is 
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28. B

Let x and z be the length and width of the surface of the pool, respectively.  Then, the perimeter is 
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29. C

The sum of the area of the two isosceles triangles is equivalent to the area of a parallelogram with the same height and base.  The base is the length of the side of the square, 6.  Let h be the height.  Then 
[image: image91.wmf]2

6660

h

+=

, and 
[image: image92.wmf]6036

4

6

h

-

==

.  If we draw the altitude from the vertex to the side of the square of either triangle, we see that since the altitude is also the median, a 3-4-5 right triangle is formed.  Therefore, the total fencing needed is equal to 
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30. A

The simplest way to do this problem is to find the distance between each person’s house.  Let J be Jenn’s house, T be Taryn’s house, C be Cody’s house, and H be Channing’s house.  Then using the distance formula repeatedly, 
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.  Adding up the distances to each person’s house, we find that the total distance everyone travels to Channing’s house is smallest, roughly 18.5 units.
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